Abstract It is demonstrated, that the bioenergetic model combined with the mathematical constraints determined by the experimental knowledge of the aerobic metabolism and the Lohmann reaction dictates the exact lactate (La)-time relationship during exercise. The theory predicts that La is necessarily produced (above the resting baseline), even during extremely low work loads, where the metabolism was usually considered in the past to be "pure" aerobic. The La rate of production increases linearly as a function of the work load. The anaerobic threshold is strictly determined by the saturation of the La clearance mechanisms of the body different from the "La shuttle" and not by the involvement of a sudden increased La production at the cellular level. These results imply that the half time of the PCr breakdown kinetics at the onset of a constant load exercise can be expressed as a function of the onset speed of the aerobic and of the anaerobic metabolism, even in the case of a very low mechanical power. The PCr halftime does not depend on the workload and represents a physiological invariant. The bioenergetic model was created during a long historical period, when it was believed that the La production was not present at all for very low exercise levels but, actually, the bioenergetic model predicts exactly the opposite result!
Introduction
The rules governing lactate (La) production or utilization during exercise have always been a matter of animate debates (Myers and Ashely, 1997) . The reasons underlying these scientific diatribes may be found in part in the technical difficulties encountered when trying to assess the time course of the intracellular La concentration and, in particular, when dealing with human investigations. In fact, intracellular La concentrations are often indirectly estimated from the analysis of blood samples or, at the tissue level, by muscle biopsies (Knuttgen and Saltin, 1972) . Nuclear magnetic resonance spectroscopy is also a powerful tool allowing the investigators to assess intramuscular La concentration (Kemp and Radda, 1994) . However, all these techniques do not allow us to distinguish between La production and utilization, because they yield only total La concentrations in the tissue or blood. In spite of these technical problems, the experimental approach based on blood La measurements led to important concepts as the "anaerobic threshold" or the "oxygen debt" (for a review see: di Prampero, 1981) . On the other side, the introduction of the isotope labelling technique allowed several investigators to make a more precise distinction between La appearance and desappearance, at rest and during exercise, and this generated the idea of "lactate shuttle" (for a review see : Brooks, 2000; Brooks, 2002) .
In spite of these technical improvements and the possibility to obtain more detailed analyses of the La behaviour during exercise, the experimental data could not be organized into one and the same coherent picture and the believer of the "anaerobic threshold" or of the "lactate shuttle" started having animated discussions. In fact, Brooks in his review wrote: [. . . the "lactate shuttle" hypothesis did not find wide acceptance because it made no sense to those accepting classic "oxygen debt" or "anaerobic threshold" theories] (Brooks, 2000) . Nowadays, all these concepts and experimental data are relatively well accepted. However, no explicit mathematical model has yet been formulated. Thus, in the present paper we will attempt to propose a mathematical approach dealing with the concept of "anaerobic threshold" and with La production during a so called "pure" aerobic exercise.
For explanatory reasons, in the following sections the energy needs imposed by an exercise will be defined as equal to the total energy demand minus the energy demand coming from the resting metabolic activity i.e., the resting energy demand will be methodically considered as a baseline. For La production we will intend only the La actually produced by the exercise, while any other La clearence mecanism will be treated mathematically with a separated term and definition (i.e., the La one can observe in the blood will in this case be explained as the combined result of "production" and "clearance"). The mathematical results presented in this paper, have been derived from the so called bioenergetic model (di Prampero, 1981; Binzoni, 2003) and based only on few and very well known physiological observations, independently of any La measurements.
In the present work, it is predicted that La must be always produced, even during the classical so defined "pure" aerobic exercise and also even if we take into account the "La shuttle", a fact, the latter, which nowadays is also supported experimentally (Brooks, 2002) . Moreover, it is concluded that there is no sudden change in the rate of La production for a given critical level of mechanical work (a power usually corresponding to the "anaerobic threshold") and thus that the "anaerobic threshold" is only determined by the La clearance mechanisms different from the "La shuttle". It must be noted, that the bioenergetic model was created during a long historical period when it was believed that La production did occur at all for very low exercise levels (di Prampero, 1981) . The curious fact is that this model predicts exactly the opposite result! The strong believe in the existence of "pure" aerobic exercises led to mathematical "over-simplifications" hindering the real sense of the model. We hope, that this work will help to finally reconcile the "old" with the "new" school.
Theory

The bioenergetic model
Muscle energetics at rest or during exercise, can be described taking into account three main biochemical systems: the aerobic glycolysis, the anaerobic glysolysis and the Lohmann reaction (di Prampero, 1981) . These three biochemical systems produce the ATP necessary for the muscle activity. It has been demonstrated over the past 70 years that this complex biochemical network may be described globally by means of the bioenergetic model as (Binzoni, 2003) : ] yield the overall amount of ATP produced by the Lohmann reaction, the anaerobic glycolysis and the aerobic glycolysis, respectively. Eq. (1) has the advantage to describe the energy balance of the working muscle without the need of explicitly express the single energy stores (e.g., glycogen stores, lipids stores, etc.) and it implicitly contains all the classical pathways (e.g., the Krebs cycle, the beta-oxidation, etc) (di Prampero, 1981) .
From now on, the working hypothesis is that the model represented by Eq. (1) is of course true; the aim being to see which are the physiological predictions that we can obtain from the model in the domain of the anaerobic metabolism and this, without using experimental results concerning the La metabolism. Then, in the Dicussion section we will analyse the predictions in the light of the known scientific literature. The analytical (symbolic) form of the results will allow one to obtain the general behaviour of the different mechanisms (e.g., constant, linear, exponential, etc.) without the need to utilise numerical quantities that are sometimes difficult to measure experimentally and/or have a large variability.
At this point, Eq. (1) can be further simplified for the present purposes. The efficiency (h) of the energy utilization for a given mechanical work may be defined as: (2) where ẇ represents the mechanical work (J s Ϫ1 ). From Eqs.
(1) and (2) one obtains:
where the term Ė rest ϭb[L˙a] rest ϩg[Ȯ 2 ] rest has been substracted. So, Eq. (3) describes the net energy expenditure during exercise without the resting metabolism. It is essential to notice that Eq. (3) describes the metabolism directly at the cellular level. In fact, the model takes into account, globally, the contribution of each single muscle cell and the different ATP rates produced by the biochemical pathways, starting from different energy stores (e.g., lipids, glycogen, etc.), are implicitly expressed (as a total contribution) in the parameters a, b and g. An intuitive explanation of Eq. (3) may be obtained from Fig Fig. 1 , the indexes i referes to the "i-th" cell (muscle fibre) and we suppose that the investigated muscle is composed by N cells (i.e., Eq. (3) describes the total ATP production of these N cells). Let us before consider the cell "i". As it is well known, all the main substrates are transformed in pyruvate (Pa, in Fig. 1 ) along the path.˙˙˙˙]
The pathway (cell i) going from "energy stores" to [Ȯ The "dash-dot" pathway, represents a typical situation where the cell produces La ([L˙a unev,i ] in Fig. 1 ) and this La is then "recycled" e.g. by another cell (e.g., the cell iϩ1 in Fig. 1 ) after transforming La again in pyruvate. This, metabolism has been defined as "unevenly aerobic" (di Prampero et al., 1998) and needs also the utilization of O 2 . In any case, if one observe the "dash-dot" pathway, we realize that in term of ATP production is equivalent to the "continuous line" pathway (e.g., it follows the same biochemical steps). For this reason, the ATP production rate for the "dash-dot" pathway can be written also in this case as:
, with analogous definition as for the "continuous line" pathway. This term takes also into account the so called "La shuttle" mechanism, where the La produced by one cell is used by another cell.
Thus, the total ATP rate of the muscle (N cells) generated by the "continuous line" ("evenly aerobic") and "dash-dot" ("unevenly aerobic") biochemical pathways is: (4) where g has been defines as: (5) The term g[Ȯ 2] is the term appearing in Eq. (3) and, thanks to the parameter g, it takes globally into account any possible substrate utilization and/or metabolic differences existing between the cells (e.g., fast twich fibres , slow twich fibres, etc). In practice, in humans one can usually obtain experimental informations only on this "global" g parameter because the "single cell" access is practically impossible during exercise protocols. In the present context, we define g[Ȯ 2] to be the "aerobic metabolism".
The remaining pathway, is the "dashed" (Fig. 1 ) pathway and it represents the "anaerobic metabolism" where we have La formation during ATP production. This La is not "recycled" and it represents for example the La that is mesurable in the blood. Thus, using a similar procedure as above, the total ATP rate (whole muscle) produced by the "dashed" pathway can be easily defined as: (6) where f i La is the fraction of the total La production for the cell i and: (7) Thus, in the present work, the term b[L˙a] represents the "anaerobic metabolism". The remaining terms appearing in Eq. (3) are trivial and will not be discussed here. After having clarified the intuitive "meaning" of Eq. (3) let one carry on on the mathematical analysis.
The La production at steady state is never nil and increases linearly with work load
We will now analyse an exercise at steady state, where the mechanical power is situated anywhere between the rest and the maximal oxygen consumption (i.e. in the range where the oxygen consumption is linear as a function of the mechanical power, see below) and [L˙a] below the maximum rate of production (Margaria et al., 1964) . No conditions are imposed on the La concentration behaviour inside this metabolic range. The above exercise protocol impose a supplementary constraint on the remaining terms (i.e., not lactic) of Eq. (3). In fact, the terms [AṪ P] and [PĊ r] may be reasonably neglected because the corresponding concentrations remains constants at steady state (Ross et al., 1982 This defines a precise range of values for h, g and g w and imposes the constraint that the efficiency h can never be greater than (gg w ) Ϫ1 . The above considerations imply that [Lȧ ss ] can also be written as:
where b w ≡b Ϫ1 (h Ϫ1 Ϫgg w ) is positive and represents the proportionality constant describing the number of La molecules necessary to develop a given amount of work. Eq. (12) means that [Lȧ ss ] (La production) can never be zero even below the anaerobic threshold. Only when ẇϭ0 the lactate produced by the muscle is zero. It is useful to stress again that we do not consider here the resting metabolism and that Eq.
(12) holds in the metabolic range were [L˙a] is below the maximum rate of La production (Margaria et al., 1968) and were [Ȯ 2ss ] is linearly related to ẇ. For completeness, Eq. (10) and Eq. (12) allow us to write the exact expression for h:
Discussion
The steady state condition
It has been shown that the bioenergetic model, combined with the well known physiological observations, that: 1) the oxygen consumption is linearly related to the mechanical power and; 2) the PCr consumption is nil at steady state; lead to the mandatory conclusion (mathematically derived from the model) that the lactate production can never be nil, even in the case of a very moderate aerobic exercise (see Eq. (12)) and that the rate of production is linearly related to the mechanical power (ẇ). It is of notice, that this result was obtained without the need of introducing any experimental information concerning the lactate production during exercise, as it is usually necessary with other approaches, e.g. in the case of metabolic control theories were an activation function has to be defined (Mader and Heck, 1986) . As a consequence, the hypothesis stating that "it exists a range of work loads where the metabolism is totally aerobic", is wrong (again we do not consider here the La production at rest). This hypothesis can at best be considered only as a good approximation for very low work levels. The experimental results obtained e.g. on isolated η ββ γγ ϭ ϩ
Saturation of the Lactate Clearance Mechanisms is, by definition, non nil. This constraints implies that the two linear functions may never be superposed, so the anaerobic contribution to the total energy for any ẇ value, must be Ͼ0.
animal tissues (Connett et al., 1984) or humans (Stanley et al., 1986) , where it was demonstrated that La is produced even at very low muscle stimulation levels, further support the present findings. So, if La is always produced at steady state ( Fig. 1 (12) to hold for the blood/tissue, and obtain a zero net La accumulation below the anaerobic threshold and in presence of continuous La production from the muscle, we must substract a term on the right hand side of Eq. (12) (see below). This is the only mathematical solution. Intuitively, this is physiologically equivalent to eliminate the La using other mechanisms, such as the resynthesis performed by tissues such the liver, heart, kidney, etc. (see e.g., Antonutto and di Prampero, 1995; Brooks, 2000; Brooks, 2002) . These La clearing mechanisms must not use O 2 , because the O 2 consuming mechanisms have already been taken into account in the g i unev Ȯ 2,i unev terms implicit in gȮ 2 . This network of "clearing" mechanisms must have, by definition, a global biological saturation level or a finite capacity to eliminate the La produced by the working muscle cells. When ẇ is increased, a value must be reached, defined here as the "anaerobic threshold", where the system is no more able to increase the rate of La elimination. At this point production exceeds elimination and the net La concentration starts to increase in the blood/tissue. To summarize, if one wants a zero La production in the blood/tissue and then a "threshold" for a given ẇ, the substraction of a new term in Eq. (12) is the only mathematical solution.
Actually, the anaerobic threshold can not be a very precise ẇ value, but for explanatory reasons lets admit it is so. If it is the case, the increase of La concentration in the blood/tissue as a function of time, [DLa tissure ], can be described with the help of Eq. (12) as: (14) where [L˙a Clear ] is the clearance rate for the lactate (the new term we want to substract to Eq. (12)), t 0 Նt steady is any time at steady state and t steady is the minimum time necessary to reach the steady state. Then, the integral of both sides of the modified Eq. (12) (15) where [L˙a MaxClear ] is the maximal La clearence rate (assumed to be constant) above the anaerobic threshold and ẇ threshold represents the mechanical power at which the anaerobic threshold is reached. Below the anaerobic threshold [L˙a Clear ]ϭ[Lȧ ss ]; thus production and clearance are perfectly balanced and therefore [DLa tissue ]ϭ0 (i.e., no net La increase in tissue/blood). It must be highlighted again the fundamental point that Equation (14) does not describe the transient phase, when tϽt 0 . Actually, during this phase [L˙a Clear ] might be different (smaller) than [L˙a] , and thus when the steady state is reached, the La concentration in blood and tissues might be higher than that prevailing at rest ("early lactate", di Prampero et al., 1970 (15)) i.e., the La concentration in the tissue remains constant at the value reached at the end of the transient phase. This behaviour is compatible with "classical" experimental findings obtained on the treadmill (Margaria et al., 1964 ) (where it was assumed that blood La is representative of the body average La concentration).
It has been observed that training does not change the [Ȯ 2 ]-ẇ relationship (we mean here the "linear" part of [Ȯ 2 ]-ẇ, in the ẇ range defined in the section "The La production is never nil and increases linearly with work load") and that the mechanical efficiency may be considered reasonably unchanged. If this is the case, then the present mathematical derivation (Eq. (9), Eq. (12) and Fig. 2 ) implies that b w is not affected by training. In this context (training), it has also been observed that the [DLa tissue ]-ẇ relationship (for a given t) is shifted to the right i.e., the anaerobic threshold, ẇ threshold , is increased. Thus, it can be concluded, by inspecting Eq. (16), that [L˙a MaxClear ] must be increased. This result corroborate the experimental finding that training seems to increase lactate metabolic clearance (Fukuba, 1992; Stallknecht et al., 1998) and thus, by definition, [L˙a MaxClear ] . Therefore, at steady state, the bioenergetic model seems to be coherent with the experimental observations. Let now turn to the rest-to-work transient phase.
The exercise transient period
We will consider here the same range of values as defined in the previous section. At the onset of a "square wave" exercise (i.e., a sudden transient phase from rest to a given work load), at the very beginning of the exercise (timeϭ0), Eq. (3) (17) where [PĊr 0 ] is the rate of PCr breakdown at timeϭ0. In fact, as it is well known, at the onset of the exercise the Lohman reaction is the fastest and sole ATP regenerative process (Wallimann, 1992) . This hypothesis is also compatible with the presence of the so called "glycogen shunt" (Shulman and Rohtman, 2001 ), a very fast La producing energy yielding pathway. Even in this case, as reported by Shulman and Rohtman (2001) , during the first 0-15 ms only the hydrolysis of PCr participate to [ATP] resynthesis. Of course, oxidative metabolism appears to be too slow to participate to this initial mechanism. Thus, in these conditions, [ATP] does not decrease, not even during the first few milliseconds after the onset of exercise (Chung et al., 1998) 
To intuitively understand the meaning of Eq. (18), one may consider the simple case where the PCr kinetics during the transient is a simple monoexponential (Meyer, 1988; Binzoni et al., 1992; Rossiter et al., 2002) (Binzoni et al., 1992; di Prampero et al., 2003) :
From Eqs. (9), (17). (20) and (21) may now be written as:
and thus: Thus by knowing aa w and t PCr it should be possible to estimate h, a fact that was also pointed out by di Prampero et al. (2003) .
If one consider for a while the "old" approximation saying that if the work load is low enough, then the metabolism is "pure" aerobic and we repeat the same calculation as above, then one finds the known relationship (Binzoni et al., 1994) : (24) In this case, the only difference with Eq. (23) is the term bb w . This means that in the old interpretation t PCr represents the speed at which the aerobic glycolysis is "switched-on" at the onset of the exercise is no more valid and must be considered only as an approximation. In fact comparison of Eq. (23) (and Eq. (3)) shows that t PCr is the time constant to reach the steady state for both the oxidative and the anaerobic metabolism, considered together. It must be noticed that here the anaerobic metabolism, represented by bb w , is the real La production by the working muscle and thus completely independent of the "anaerobic threshold" or any intra-or extracellular La recycling mechanism (Brooks, 2000; Brooks, 2002) . This means that t PCr really represents the time constant of the metabolic activity of the working muscle, and is not influenced by other phenomena.
If [Ȯ 2 ] is also considered to follow an exponential function of time (Rossiter et al., 2002) with the same time constant as [PĊr] , then Eq. (3) implies that L˙a is also exponential and that the three terms have the same time constant t PCr (i.e., the sum of two exponential function gives a third one if and only if the 3 time constants are equal). This means that measuring t PCr we obtain direct informations on the [Ȯ 2 ] and L˙a kinetics. Concerning [PĊr] and [Ȯ 2 ] it seems to be the case (Rossiter et al., 2002) , i.e. they have the same time constant; concerning [PĊr] and L˙a it has not yet been demonstrated experimentally.
A last comment has to be made on Eq. (13). In fact, for a given exercise protocol (e.g., cycling on a cycloergometer without changing pedal frequency), Eq. (13) implies that the efficiency h does not depend on ẇ because b, b w , g and g w , are as a first approximation, and in the range of work loads considered here, all constant. Thus, the number of ATP molecules necessary to produce a unit mechanical work does not depend on ẇ (for the ẇ range define above in the text). Also this point has to be demonstrated experimentally. 
Conclusion
The bioenergetic model and the experimental knowledge of the behaviour of the aerobic metabolism and the Lohmann reaction dictates the exact mathematical La-time relationship (in the range from rest to maximal oxygen consumption as defined in the "Theory" section). It appears that La is always produced, even during very low work loads where usually the metabolism is considerd to be "purely" aerobic (we do not consider the rest). The La production rate increases linearly as a function of the work load. Moreover, the anaerobic threshold, is determined by the saturation of the La clearance mechanisms of the body different from the "La shuttle" and not by the involvement of an increased La production at the cellular level when ẇ exceed the anaerobic threshold.
It has been also shown, that the half time of the PCr kinetics at the onset of an exercise is dictated both by the speed of aerobic and the anaerobic metabolism, even during very low mechanical power. The time constant of PCr splitting at work onset does not depend on the workload and represents a physiological invariant. I hope that the present theoretical approach will help to create a common point of view between "old" and "new" generations of scientists and generate new experimental ideas.
